We use the recent observations of Cosmic Microwave Background temperature and polarization anisotropies provided by the Planck satellite experiment to place constraints on the running αs = dns/d log k and the running of the running βs = dαs/d log k of the spectral index ns of primordial scalar fluctuations. We find αs = 0.011 ± 0.010 and βs = 0.027 ± 0.013 at 68% CL, suggesting the presence of a running of the running at the level of two standard deviations. We find no significant correlation between βs and foregrounds parameters, with the exception of the point sources amplitude at 143 GHz, A P S 143 , which shifts by half sigma when the running of the running is considered. We further study the cosmological implications of such preference for αs, βs ∼ 0.01 by including in the analysis the lensing amplitude AL, the curvature parameter Ω k , and the sum of neutrino masses mν . We find that when the running of the running is considered, Planck data are more compatible with the standard expectations of AL = 1 and Ω k = 0 but still hint at possible deviations. The indication for βs > 0 survives at two standard deviations when external datasets such as BAO and CFHTLenS are included in the analysis, and persists at ∼ 1.7 standard deviations when CMB lensing is considered. We discuss the possibility of constraining βs with current and future measurements of CMB spectral distortions, showing that an experiment like PIXIE could provide strong constraints on αs and βs.
I. INTRODUCTION
The recent measurement of the Cosmic Microwave Background (CMB) anisotropies provided by the Planck satellite mission (see [1, 2] , for example) have provided a wonderful confirmation of the standard ΛCDM cosmological model. However, when the base model is extended and other cosmological parameters are let free to vary, a few "anomalies" are present in the parameter values that, even if their significance is only at the level of two standard deviations, deserve further investigation.
First of all, the parameter A L , that measures the amplitude of the lensing signal in the CMB angular spectra [3] , has been found larger than the standard value with A L = 1.22 ± 0.10 at 68% CL (A L = 1 being the expected value in ΛCDM) from Planck temperature and polarization angular spectra [1] . A value of A L larger than one is difficult to accommodate in ΛCDM, and several solutions have been proposed as modified gravity [4, 5] , neutrino anisotropies [6] , and compensated isocurvature perturbations [7] . Combining Planck with data from the Atacama Cosmology Telescope (ACT) and the South Pole Telescope (SPT) to better constrain the foregrounds, Couchot et al. [8] , found a consistency with A L = 1. However the compatibility of the CMB datasets used is unclear. More recently Addison et al. [9] have found that including the A L parameter solves the tension between Planck and WMAP9 on the value of the derived cosmological parameters.
As shown in [1] , the A L anomaly persists when the Planck data is combined with Baryonic Acoustic Oscillation surveys (BAO), it is enhanced when the CFHTLenS shear lensing survey is included, but it practically disappears when CMB lensing from Planck trispectrum observations are considered. The A L anomaly is also still present in a 12-parameter extended ΛCDM analysis of the Planck dataset (see [10] ), showing no significant correlation with extra parameters such as the dark energy equation of state w, the neutrino mass, and the neutrino effective number N eff .
Second, the Planck dataset prefers a positively curved universe, again at about two standard deviations with Ω k = −0.040 ± 0.020 at 68% CL. This "anomaly" is not due to an increased parameter volume effect but, as stated in [2] , curvature provides a genuine better fit to the data with an improved fit of ∆χ 2 ∼ 6. When BAO data is included, however, the curvature of the universe is again compatible with zero with the stringent constraint Ω k = −0.000 ± 0.005 at 95% CL.
The fact that both the A L and Ω k anomalies disappear when reliable external datasets are included suggests that their origin might be a systematic or that they are produced by a different physical effect than lensing or curvature.
In this respect it is interesting to note that a third parameter is constrained to anomalous values from the Planck data. The primordial scalar spectral index n s of scalar perturbations is often assumed to be independent of scale. However, since some small scale-dependence is expected, 1 we can expand the dimensionless scalar power spectrum ∆ 
where α s is the running of the spectral index, β s is the running of the running, and k = 0.05 Mpc −1 . The Planck temperature and polarization data analysis presented in [2] , while providing a small indication for a positive running different from zero (α s = 0.009 ± 0.010 at 68% CL), suggests also the presence of a running of the running at the level of two standard deviations (β s = 0.025 ± 0.013 at 68% CL). The inclusion of a running of the running improves the fit to the Planck temperature and polarization data by ∆χ 2 ∼ 5 with respect to the ΛCDM model. Therefore we do not expect that such anomaly is due to the increased parameter volume, and could be a hint of possible new physics beyond the standard model. A discussion of the impact of this anomaly on inflationary models has been presented in [11, 12] .
Given this result, it is timely to discuss the possible correlations between these three anomalies, β s , A L and Ω k and see, for example, if one of them vanishes if a second one is considered at the same time in the analysis. Moreover (related to the above points), it is necessary to investigate in more detail how the inclusion of β s helps giving a better fit to the data, and test if the indication for the running of the running survives when additional datasets as BAO or lensing (CMB and shear) are considered. This is the goal of this paper.
We structure the discussion as follows. In the next section we will describe the analysis method and the cosmological datasets used. In Sec. III we present our results and discuss possible correlations between β s , A L and Ω k . We also investigate the possibility that a running of the running affects current and future measurements of CMB spectral distortions, comparing our results with those of [13] . Finally, in Sec. VI we derive our conclusions.
II. METHOD
We perform a Monte Carlo Markov Chain (MCMC) analysis of the most recent cosmological datasets using the publicly available code cosmomc [14, 15] . We consider the 6 parameters of the standard ΛCDM model, i.e. the baryon ω b ≡ Ω b h 2 and cold dark matter ω c ≡ Ω c h 2 energy densities, the angular size of the horizon at the last scattering surface θ MC , the optical depth τ , the amplitude of primordial scalar perturbations log(10 10 A s ) and the scalar spectral index n s . We extend this scenario by including the running of the scalar spectral index α s and the running of the running β s . We fix the pivot scale at k = 0.05 Mpc −1 . This is our baseline cosmological model, that we will call "base" in the following. Moreover, as discussed in the introduction, we also consider separate variation in the lensing amplitude A L , in the curvature density Ω k and in the sum of neutrino masses m ν . The main dataset we consider, to which we refer as "Planck ", is based on CMB temperature and polarization anisotropies. We analyze the temperature and polarization Planck likelihood [16] : more precisely, we make use of the T T , T E, EE high-likelihood together with the T EB pixel-based low-likelihood. The additional datasets we consider are the following:
• Planck measurements of the lensing potential power spectrum C φφ [17] ;
• weak gravitational lensing data of the CFHTLenS survey [18, 19] , taking only wavenumbers k ≤ 1.5h Mpc −1 [1, 20] ;
• Baryon Acoustic Oscillations (BAO): the surveys included are 6dFGS [21] , SDSS-MGS [22] , BOSS LOWZ [23] and CMASS-DR11 [23] . This dataset will help to break geometrical degeneracies when we let Ω k free to vary.
III. RESULTS
In Tab. I we present the constraints on n s , α s and β s from the Planck 2015 temperature and polarization data and in combination with BAO, cosmic shear and CMB lensing. As we can see, the Planck alone dataset provides an indication for β s > 0 at more than two standard deviations with β s = 0.027 ± 0.013 at 68% CL. It is interesting to investigate the impact of the inclusion of α s and β s on the remaining 6 parameters of the ΛCDM model. Comparing our results with those reported in Table 3 of [2] , we see that there are no major shifts on the parameters. The largest shifts are present for the scalar spectral index n s , that is ∼ 0.9 standard deviations lower when β s is included, and for the reionization optical depth τ that is ∼ 0.9 standard deviations higher with respect to the standard ΛCDM scenario. A similar shift is also present for the value of the root mean square density fluctuations on scales of 8h Mpc −1 (the σ 8 derived parameter), which is higher by about one standard deviation when β s is considered. In Fig. 1 we plot the probability contour at 68% CL and 95% CL for the several combinations of datasets in the β s -σ 8 and β s -τ planes respectively. Clearly, a new determination of τ from future large-scale polarization data as those expected from the Planck HFI experiment could have an impact on the value of β s . On the other hand, this one sigma shift in τ with respect to ΛCDM shows that a large-scale measurement of CMB polarization does not fully provide a direct determination of τ but that some model dependence is present. Moreover, as expected, there is a strong correlation between α s and β s . Because of this correlation, the running α s is constrained to be positive, with α s > 0 at more than 68% CL when β s is considered. This is a ∼ 1.3 standard deviations shift on α s if we compare this result with the value obtained using the same dataset but fixing β s = 0 in Table 5 of [2] . In Fig. 2 we plot the two dimensional likelihood constraints in the n s -β s and α s -β s planes respectively. As we can see, a correlation between the parameters is clearly present. However, when α s and possibly higher derivatives of the scalar tilt are left free to vary, the constraints will depend on the choice of the pivot scale k [24] . We have therefore considered two additional values of k , i.e. k = 0.01 Mpc and k = 0.002 Mpc −1 : the resulting plots are shown in Sec. VII A (where we also present a simple argument to explain the stability of σ βs under change of k ), while Tab. II shows the 68% CL constraints on n s , α s and β s ("base" model, Planck T T , T E, EE + lowP dataset 2 ). From Tab. II we see that, while the 1σ indication for α s > 0 disappears if we change k (becoming a ∼ 2σ evidence for negative running), β s remains larger than 0 at ∼ 2σ. 3 We therefore conclude that the preference for blue β s is stable under the variation of k : by studying the improvement in χ 2 with respect to the ΛCDM and ΛCDM+α s models, we can understand what is its origin.
The Planck likelihood consists essentially of three terms: a low-( = 2 ÷ 29) TEB likelihood based on the Planck LFI 70 GHz channel full mission dataset, an 2 A study of the impact of k when also A L , mν and Ω K are varied is left to future work. 3 We also note a ∼ 1σ indication of blue tilt when k is 0.002 Mpc −1 .
base k = 0.01 Mpc high-likelihood based on Planck HFI 100 GHz, 143 GHz and 217 GHz channels half mission dataset and, finally, an additional χ 2 term that comes from the external priors assumed on foregrounds (see [16] ). By looking at the mean χ 2 eff values from these three terms we can better understand from where (low , high , foregrounds) the indication for β s is coming. Comparing with the χ 2 values obtained under standard ΛCDM with α s = 0 and β s = 0, we have found that while the high-likelihood remains unchanged, there is an improvement in the low-likelihood of ∆χ 2 eff ∼ 2.5 and in the foregrounds term with ∆χ 2 eff ∼ 1. The inclusion of β s provides therefore a better fit to the low-part of the CMB spectrum and to the foregrounds prior. While the better fit to the low-part of the CMB spectrum can be easily explained by the low quadrupole T T anomaly and by the dip at ∼ 20−30, the change due to foregrounds is somewhat unexpected since, in general, foregrounds do not correlate with cosmological parameters. We have found a significant correlation between β s and the point source amplitude at 143 GHz, grounds are marginalized at their ΛCDM values.
Before proceeding, we stress that using a likelihood ratio test [25] it is easy to see that, for a ∆χ 2 eff ∼ 3.5 (as the one we find here), there still is a ∼ 17% probability that the ΛCDM model is the correct one. 4 Given the Planck T T , T E, EE + lowP dataset, this is the significance with which the ΛCDM + α s + β s model is preferred over the ΛCDM one. Going back to Tab. I, we can see that the indication for β s > 0 is slightly weakened but still present also when external datasets are considered. Adding CMB lensing gives β s = 0.022±0.013, i.e. reducing the tension to about 1.7 standard deviations, while the inclusion of weak lensing and BAO data does not lead to an appreciable decrease in the statistical significance of α s and β s .
In Tab. III we report similar constraints but including also variations in the neutrino mass absolute scale m ν . The constraints obtained from the Planck 2015 data release on the neutrino masses are indeed very strong, especially when combined with BAO data, ruling out the possibility of a direct detection from current and future beta and double beta decay experiments (see, e.g., [26] ). Since Planck data show a preference for β s > 0, it is clearly interesting to investigate if the inclusion of running has some impact on the cosmological constraints on m ν . Comparing the results of Tab. III with those in [2] , which were obtained assuming α s = β s = 0, we see that the constraints on m ν are only slightly weakened, moving from m ν < 0.490 eV to m ν < 0.530 eV at 95% CL for the Planck dataset alone and from m ν < 0.590 eV to m ν < 0.644 eV at 95% CL when also lensing is considered. The constraints on m ν including the WL and BAO datasets are essentially unaffected by β s . We can therefore conclude that there is no significant correlation between β s and m ν . In Fig. 4 we plot the posterior distributions for m ν , while in Fig. 5 we plot the probability contour at 68% CL and 95% CL for the several combinations of datasets in the β sm ν plane, respectively. In Tab. IV we report the constraints from the same datasets but letting also the lensing amplitude A L free to vary. As discussed in the introduction, Planck data are also suggesting a value for A L > 1 and is therefore interesting to check if there is a correlation with β s . As we can see there is a correlation between the two parameters but not extremely significant. Even with a lower statistical significance, at about ∼ 1.2 -1.5 standard deviations for A L and β s respectively (that could be also explained by the increased volume of parameter space), data seem to suggest the presence of both anomalies. When the CMB lensing data are included, A L goes back to its standard value while the indication for β s increases. When the WL shear data are included the A L anomaly is present while the indication for β s is weakened.
We also consider variation in the curvature of the universe and we report the constraints in Tab. V. As we can see, also in this case we have a correlation between β s and Ω k but not significant enough to completely cancel any indication for these anomalies from Planck data. Indeed, when Ω k is considered, we have still a preference for Ω k < 0 and β s > 0 at more than one standard deviation. More interestingly, when external datasets are included, the indication for a positive curvature simply vanishes, while we get β s > 0 slightly below 95% CL.
In Fig. 6 we show the constraints at 68% CL and 95% CL in the β s -A L plane (left panel) and in the β s -Ω k plane (right panel).
We conclude this section by looking at what are the improvements (or non-improvements) in χ 2 over our base model ΛCDM + α s + β s when additional parameters (A L , m ν and Ω K ) are considered: the tables (Tabs. VII, VIII, IX and X) containing all the ∆χ 2 (which we define by χ improvement ∆χ 2 ∼ 1.5 (∆χ 2 ∼ 6) is obtained for the Planck T T , T E, EE + lowP + BAO dataset (Planck T T , T E, EE + lowP + WL dataset), while the addition of CMB lensing data to Planck temperature and polarization data leads to ∆χ 2 ∼ −1.5, mainly driven by a worse fit to the foregrounds. When m ν or Ω K are left free to vary, we see that the fit to the data is in general worse: only when adding Ω K to the Planck T T , T E, EE + lowP + WL dataset we get a ∆χ 2 ∼ 2 improvement.
IV. PRESENT AND FUTURE CONSTRAINTS FROM µ-DISTORTIONS
CMB µ-type spectral distortions [27, 28] from the dissipation of acoustic waves at redshifts between z = 2 × 10 6 ≡ z dC and z = 5 × 10 4 ≡ z µ-y offer a window on the primordial power spectrum at very small scales, ranging from 50 to 10 4 Mpc −1 (for most recent works on this topic see [29] [30] [31] [32] [33] [34] [35] and references therein). The impact of a PIXIElike mission on the constraints on the running α s has been recently analyzed in [34] , while [31, 35] also investigated the variety of signals (and corresponding forecasts) that are expected in the ΛCDM model (not limited to a µ-type distortion).
In this section, we briefly investigate the constraining power of µ-distortions on β s , given the Planck constraints on α s and β s of Sec. III. We compute the contribution to the µ-monopole from Silk damping of acoustic waves in the photon-baryon plasma [36] [37] [38] [39] [40] , using the expression for the distortion visibility function presented in [31] .
5
To understand the relationship between the µ amplitude and the parameters of the primordial power spectrum, one can compute the (integrated) fractional energy that is dissipated by the acoustic waves δ γ between z = 2 × 10 6 5 This is related to the method called "Method II" in [35] , the difference being the visibility function J bb (z) used: J bb (z) is approximated to exp(−(z/z dC ) 5/2 ) in the "Method II" of [35] , while [31] derives a fitting formula to take into account the dependence of J bb (z) on cosmological parameters. At the large values of αs and βs allowed by Planck, we do not expect this difference to be very relevant for our final result. and z = 5 × 10 4 : this energy feeds back into the background and generates µ-distortions according to (see also [41, 42] )
where . . . p indicates the average over a period of oscillation and ζ is the primordial curvature perturbation. The diffusion damping length appearing in the above formula is given by [36] [37] [38] 
The observed µ-distortion monopole is basically the ensemble average of µ(x) at z = 5 × 10 4 : by averaging Eq. (2), then, one sees that it is equal to the log-integral of the primordial power spectrum multiplied by a window function
which localizes the integral between 50 Mpc −1 to 10 4 Mpc −1 . Tab. VI shows how, already with the current limit on the µ-distortion amplitude from the FIRAS instrument on the COBE satellite, namely µ = (1 ± 4) × 10 −5 at 68% CL [43] , we can get a 28% increase in the 95% CL upper limits on α s , and a 33% increase in those on β s (we also stress that, in the case of β s fixed to zero, including FIRAS does not result in any improvement on the bounds for α s ). In Fig. 7 , we also report a forecast for PIXIE, whose expected error on µ is 10 −8 [44] . 6 Besides, we see that:
• for the best-fit values of cosmological parameters in the ΛCDM+α s +β s model, which leads to µ = 1.09 × 10 −6 , PIXIE will be able to detect spectral distortions from Silk damping at extremely high significance (Fig. 7) . Besides, we see that a statistically significant detection of β s is expected, along with a sizable shrinking of the available parameter space (Fig. 7) . As we discuss later, any detection of such values of µ-distortions will rule out single-field slow-roll inflation, if we assume that all the generated distortions are due to Silk damping and not to other mechanisms like, for example, decaying Dark Matter particles; 7 6 In [45] it was shown that, when also r-distortions are considered, the expected error should be larger (about σµ = 1.4 × 10 −8 ): however at the large values of αs and βs allowed by Planck, the forecasts of Tab. VI are not significantly affected. r-distortions are the residual distortions that encode the information on the transition between the µ-era (when distortions are of the µ-type) and the y-era (when the CMB is not in kinetic equilibrium and energy injections result in distortions of the y-type). We refer to [46, 47] for a study of these residual distortions, and to [31, 45] for a study of their constraining power on cosmological parameters. 7 We did not investigate, in this work, whether it could be possible to have models of multi-field inflation (or models where the slowroll assumption is relaxed [48] ) that can predict such values for the µ-distortion amplitude. We refer to [32] for an analysis of some multi-field scenarios.
• for a fiducial value of µ corresponding to the ΛCDM best-fit i.e. µ = 1.57 × 10 −8 [34] , we see that we get a 84% increase in the 95% CL upper limits on α s , and a 83% increase in those on β s . More precisely, values of β s larger than 0.02 will be excluded at ∼ 5σ. We conclude this section with a comment on the validity of a Taylor expansion (in log k/k ) of the power spectrum down to scales probed by spectral distortions. We can estimate the terms in the expansion of n s (k) by choosing k = 10
4 Mpc −1 , corresponding to k D at z = z dC : for values of β s of order 0.06 (which are still allowed at 95% CL, as shown in Fig. 7) , the term
(1) becomes of order 1. For this reason, Tab. VI does not report the limits on µ coming from the current Planck constraints on the scale dependence of the spectrum. When existing limits on µ from FIRAS are instead added, an extrapolation of ∆ 2 ζ (k) at the scales probed by µ-distortions starts to become meaningful, and when also PIXIE is included in our forecast around the ΛCDM prediction, the upper bounds on α s and β s are lowered enough that a perturbative expansion becomes viable, making our forecast valid.
V. LARGE βs AND SLOW-ROLL INFLATION
In this section we discuss briefly the implications that values of α s and β s of order 10 −2 have for slow-roll inflation. We can compute the running of the slow-roll parameter in terms of n s , α s and β s by means of the simple slow-roll relations
where N is the number of e-foldings from the end of inflation, decreasing as time increases (i.e. Hdt = −dN ), and Eq. (5a) holds we if neglect the time derivative of the inflaton speed of sound c s . The running of up to third order in N is given, then, by
where the coefficients (i) are given in Sec. VII C. At scales around k , n s dominates, so that is increasing and a red spectrum is obtained. However, in presence of positive α s and β s , at small scales becomes smaller, until it becomes zero at k ≈ 39.7 Mpc −1 for α s = 0.01 and β s = 0.02 (taking = 0.002, i.e. the maximum value allowed by current bounds on r, when the inflaton speed of sound c s is fixed to 1). If we impose that stays positive down to k ≈ 2 × 10 4 Mpc −1 , which is of the same order of magnitude of the maximum k probed by µ-distortions (see Sec. IV), we can obtain a theoretical bound on α s and β s . We show this bound in Fig. 7 : this plot tells us that a large part of the contours from Planck + FIRAS and Planck + PIXIE cannot be interpreted in the context of slow-roll inflation extrapolated to µ-distortion scales, because becomes negative before reaching k ≈ k D (z dC ).
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A similar discussion was presented in [13] : by means of a slow-roll reconstruction of the inflaton potential [50, 51] , it was shown that if β s is controlled only by leadingorder terms in the slow-roll expansion (see Sec. VII C), it is not possible to find a single-field inflation model that fits the posteriors from Planck.
These kind of bounds tell us that the Taylor expansion is not suitable for extrapolating the inflationary spectrum far away from the CMB window, in presence of the values of α s and β s that are currently allowed by Planck, since becomes zero already ∼ 7 e-folds after the horizon exit of k . To avoid this problem, one could consider a series expansion that takes into account the theoretical bounds on , i.e. (N = 0) = 1 and 0 < < 1: the Taylor series does not respect these requirements, so it does not in general represent a possible power spectrum from inflation, over the whole range of scales. Only when the values of the phenomenological parameters describing the scale dependence of the spectrum are small, the Taylor expansion can be a good approximation of a realistic power spectrum over a range of scales much larger than those probed by the CMB.
Another possibility is to consider bounds on the primordial power spectrum coming from observables that lie outside the CMB scales, but are still at small enough k that the Taylor series applies. These would be complementary to spectral distortions, which are basically sensitive only to scales around 740 Mpc −1 [30, 45] , opening the possibility of multi-wavelength constraints on the scale dependence of the spectrum. In this regard, observations of the Ly-α forest could be very powerful (the forest constrains wavenumbers k ≈ 1h Mpc −1 ), 9 In [54] , an analysis of the the onedimensional Ly-α forest power spectrum measured in [55] was carried out, showing that it provides also small-scale constraints on the tilt n s and the running α s : more precisely, for a ΛCDM+α s + m ν model, a detection at approximately 3σ of α s (α s = −0.00135 +0.0046 −0.0050 at 68% CL) is obtained. It would be interesting to carry out this analysis including the running of the running, to see if the bounds on β s are also lowered.
VI. CONCLUSIONS
In this paper we have presented new constraints on the running of the running of the scalar spectral index β s and discussed in more detail the 2σ indication for β s > 0 that comes from the analysis of CMB anisotropies data from the Planck satellite. 9 Even if modeling the ionization state and thermodynamic properties of the intergalactic medium to convert flux measurements into a density power spectrum is very challenging (see [52] and [53] for a discussion).
We have extended previous analyses by considering simultaneous variations in the lensing amplitude parameter A L and the curvature of the universe Ω k . We have found that, while a correlation does exist between these parameters, Planck data still hint for non-standard values in the extended ΛCDM + α s + β s + A L and ΛCDM + α s + β s + Ω k model, only partially suggesting a common origin for their anomalous signal related to the low CMB quadrupole. We have found that the Planck constraints on neutrino masses m ν are essentially stable under the inclusion of β s .
We have shown how future measurements of CMB µ-type spectral distortions from the dissipation of acoustic waves, such as those expected by PIXIE, could severely constrain both the running and the running of the running. More precisely we have found that an improvement on Planck bounds by a factor of ∼ 80% is expected. Finally, we discussed the conditions under which the phenomenological expansion of the primordial power spectrum in Eq. (1) can be extended to scales much shorter that those probed by CMB anisotropies and can provide a good approximation to the predictions of inflationary models.
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We would like to thank Jens Chluba and Takeshi Kobayashi for careful reading of the manuscript and useful comments. We would also like to thank the referee for providing useful comments. GC When including derivatives of the scalar spectral index as free parameters, one can expect that the constraints on them will depend on the choice of pivot scale k [24] : for example, for Planck the pivot k = 0.05 Mpc −1 is chosen to decorrelate n s and α s . For this reason, we considered two additional values of k in the analysis of the "base" (ΛCDM + α s + β s ) model with Planck (T T , T E, EE + lowP) data: k = 0.01 Mpc −1 and k = 0.002 Mpc −1 . We report the results in Figs. 8, 9 and Tab. II: we see that at k = 0.01 Mpc −1 the tilt and β s decorrelate, while the degeneracy between α s and β s goes from positive to negative. For k = 0.002 Mpc −1 , instead, we see that α s and β s are still negatively correlated, while the degeneracy between n s and β s becomes positive. However we see from Tab. II that, while changing the pivot cancels the 1σ indication for α s > 0, the 2σ preference for β s > 0 remains in both cases.
We can understand why the marginalized error on β s does not change if we change the pivot scale k with a simple Fisher analysis. For a log-likelihood for n ≡ (n s , α s , β s ) (marginalized over all parameters except n s , α s , β s ) given by
with inverse covariance matrix F k (0) , a change of pivot will result in
where M is given by the scale dependence of n, i.e.
and it is straightforward to verify that it has unit determinant. For a Gaussian likelihood, we can forget about n 0 (we can just call n 0 = M ·m 0 and do a translation), so that all information will be coming from the transformed inverse covariance, i.e.
Since M has unit determinant, the "figure of merit" f.o.m. ∝ 1/ det F k (which is basically 1/volume of 68% CL ellipsoid) will not change if we change the pivot. What will indeed change are the marginalized and non-marginalized 1σ errors on the parameters: however, it is straightforward to show with linear algebra that the marginalized error on the running of the running, which is given by
does not change under the transformation of Eq. (9). This simple picture does not explain why the mean values of n s and α s change. We ascribe this to the presence of the additional parameter A s : under the transformation of Eq. (9) it will not change linearly, so the Gaussian approximation will not hold. The data will still constrain A s well enough, so that σ(A s ) will not contribute to the errors on the parameters, but the position of the peak of the transformed likelihood will change. In this appendix we collect the full ∆χ 2 tables: we refer to Sec. III for a discussion of the various improvements and non-improvements in χ 2 for the different choices of datasets and parameters that have been considered. In all the tables below, ∆χ 2 stands for χ Starting from Eq. (5b), differentiating it w.r.t. N and then using Eq. (5a), one can find the coefficients (i) of a Taylor expansion of (N ) in terms of the parameters describing the scale dependence of the primordial spectrum 
